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Abstract-h oscillatory flow of a viscous incompressible fluid in a porous elastic vessel of variable 
cross-section has been investigated. The study pertains to a case where the motion is oscillatory, the 
shear rate is high, and the Reynolds number as well as the horizontal velocity gradient is small. 
Because of this, the method of linear approximation of the equations governing the flow has been 
employed in the analysis. The vessel wall is taken to be tethered, porous, thin, and elastic. The 
dissipation due to filtrate permeation through the membrane wall has been taken into account. The 
computational work presented at the last part of the paper has been performed for two different 
geometries of the wall, by considering the blood as a viscous fluid. On the basis of the theoretical 
investigation, it has been predicted that the geometry as well as the elasticity of the vessel wall 
contributes signiiicantly to the velocity distribution in the small vessels and also that the magnitude 
of the radial velocity at any radial station is more than that in a uniform vessel. @ 2003 Elsevier 
Ltd. All rights reserved. 
Keywords-Baemodynamics, Oscillatory flow, Transcapillary fluid exchange, Ultrafiltration, 
Reynolds number. 
1. INTRODUCTION 
Problems related to the steady and oscillatory flows of viscous fluids in cylindrical tubes of 
varying cross-section have received the serious attention of many researchers. Such studies apart 
from their possible applications in a variety of engineering problems are of profuse importance 
in haemodynamics. The phenomenon of ultrafiltration which consists of removal of water from 
solutions of proteins and other molecules as well as the process of reverse osmosis by which 
the water is removed from the solutions of various salts and other macromolecules plays a very 
important role in haemodynamic flows. Although the quantum of fluid transfer taking place in 
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vasa vasorum is not very high, the study of transcapillary fluid exchange is important, more so 
under some pathological conditions. Moreover, it is important to note that while the capillary 
vessels in many organs are more or less inelastic, wider blood vessels in some organs, for example 
those in the heart muscle, exhibit elastic behaviour. 
Lee and Fung [l] as well as Manton [2] studied the steady flow of a viscous fluid in rigid axisym- 
metric locally constricted tubes. Extensions of these studies to unsteady and oscillatory flows 
were carried out by Hall [3] and also by Schneck and Ostrach [4]. Womersley [5] considered the 
oscillatory motion of a viscous fluid in a thin-walled elastic tube under a linear approximation 
for long waves. Rubinow and Keller [6] put forward an analytical study of the flows in elastic 
tubes and discussed the applicability of their results to the problem of blood flow in arteries. 
Knowles [7] describes the radial motion of the vessel wall, by completely ignoring the longitu- 
dinal component of motion. Kaimal [8] presented a mathematical analysis for determining the 
propagation characteristics in a distensible tube filled with a viscoelastic fluid. 
In most of the studies referred to above, the vessel has been taken to be elastic and impermeable 
at low mean Reynolds number. At the arterial end of the capillary beds, the vessel walls are, 
however, permeable; seepage occurs from blood to tissue. Also, it is critical to the functioning 
of kidneys. Zeggwagh and Belle1 [Q] put forward an analysis for the two-phase pulsatile flow of a 
fluid through a porous conical tube whose diameter is small; they discussed the effect of variable 
cross-section on the transfer of fluid (glucose, water, and nutritious elements) to the tissue space. 
Theoretical estimates of the velocity fields for fully developed laminar flow in a porous rigid tube 
were obtained by Chang et al. [lo] by taking into the account hydraulic permeation at the wall. 
To the best of the knowledge of the present authors, there has not been any study of the flow 
behaviour of a fluid in a porous permeable elastic vessel. Such studies are of interest in many 
situations of practical interest. In the case of heart muscle, for example, the endothelial layer and 
also the wall tissues overlaying the endothelium are reported to be elastic, porous, and permeable. 
It is with rationale that in the present investigation we consider the flow of a viscous fluid (with 
particular reference to blood) through an elastic permeable vessel with variable cross-section. 
The vessel wall is also considered to be tethered against longitudinal displacements. Of particular 
concern in the present study is the flow of blood which exhibits Newtonian flow characteristics 
when the shear rate is sufficiently high; the mathematical model developed here is concerned 
with the oscillatory motion of a Newtonian fluid. The vessel wall is considered porous, where the 
seepage rate decreases along the length of the vessel. The dissipation due to filtrate permeation 
through the walls has been paid due attention while formulating the mathematical model. As an 
illustration, a numerical example has been taken up at the end for the flow of blood in vessels of 
the heart muscle, considering two different geometries of the wall. A theoretical estimate of the 
distribution of the axial and radial velocities of blood has also been presented. 
2. MATHEMATICAL MODEL 
Let us consider the flow of a viscous incompressible fluid in a small diameter vessel. For an 
incompressible fluid flowing through an elastic and porous vessel, the governing equations of 
motion may be put in the form 
L&L* -+u*cK+~*!g~z?E+!! EC 1 au* a*u* 
at* * p ax* ( p tw2 +7dr*+a2*2 ’ 1 
au* dt’+u.g+v*g=-lap”+!t d221* i au* v* av * p ar* ( p &*2 +yq-T*2+a2*2 ’ > (2) 
while the equation of continuity is 
1 a(r*v*) g+FF=o, (3) 
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u* (x*, r*, t*) and w* (x* , r* , t*) being the velocity components along the axial and radial directions, 
respectively, p the coefficient of viscosity, p the density of the fluid, and p* the’fluid pressure. 
Since the vessel wall is considered to be tethered against the longitudinal displacements, the 
equation governing the radial motion of the wall may be taken in the form (cf. [8]) 
[* (x*,t*) = [1 _ &p“] -1’4 ,&iw, 
where K is the wave number, 6 an elastic parameter, and w the angular frequency. It may be 
mentioned here that the factor e(-iKz*) makes it possible to take into account the effect of wall 
movement in the axial direction. The theoretical analysis presented here will bear the potential to 
be applied to cases where the vessel thickness is not ignorable. This factor has been incorporated 
in (4) in order toput forward a more general analysis also applicable for thick walled vessels 
where the wave propagation in the vessel wall in the radial direction will have a pronounced 
effect on the flow behaviour of the fluid. The later part of the study has, however, been restricted 
to thin vessels, where the influence of this factor is not very appreciable. 
Equations (1) and (2) are nonlinear and can be solved by restoring to numerical techniques. 
However, since our ultimate objective here is to study the flow in smaller blood vessels, we 
may consider the creeping motion in which the convective and diffusive terms are negligible in 
comparison to the resistance terms, so that equations (1) and (2) can be reduced to 
au* 1 ap* p a2u* i au* -z-w-+- 
at* p ax* ( p &-*2 -+.rrT&y , > 
au* 1 ap* ; k a2v* 
(- 
1 au* 
F = -j &.* p iW2 +yqz-$. > 
Introducing nondimensional variables x = x*/L, r = r*/a, u = d/U, 21 = v*/U, t = t*w, and 
p = up*/@, equations (5), (6), (3), and (4) may be written as 
2 al aP 
a at=-%+ ( 
ck+f&; , 
&2 > 
where E = a/L and cz2 = wa2p/p. Let us consider that the pressure p, axial velocity u, and radial 
velocity v are composed of a steady and a fluctuating part es follows: 
P=Ps+Pf=(Pso - J&x:) + {PRO - f(x,r))@, 
u=us+uj=us+uceit, 
2, = 21, + uj = 21, + woeit, 
(11) 
(12) 
(13) 
where f (x, r) is an unknown function. The governing equations for the steady parts of the velocity 
components are 
(14) 
(15) 
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and the boundary conditions are 
us = 0, vs = L,(Pso - Kd), at r = s(5); 
dZLs=o ‘u =o 
dr ’ ’ ’ 
at T = 0. 
The solutions for u, and v, are 
Us = CT (S2 - T”) , (16) 
vu, = Lp(pso - Kx)i. (17) 
The equations for the fluctuating components are 
Equation (9) can be rewritten in the form 
E 
ab + Uf) 
ax 
+ 1 arh + vf) = o 
T a?- . 
(20) 
Assuming s(“>Fr) = eiter (say) to be a very small quantity maintaining the same value through- 
out the vessel and using (17), if we integrate the equation (20) w.r.t. T, we find r = 0, vf = 0, 
T it vf = -661-e . 
2 (21) 
By using the condition of continuity of the fluid velocity and the wall velocity at the wall, viz. 
vf = $ + L&f0 - f(z, s)]eit, at T = s(x), 
we obtain 
vf = ; [L,(PfO - fbs)) + 
From equations (ll), (19), and (22), we find 
zi (1 _ 6e”t)-5/4 e-‘KLq cit. 
g = i$L,{PfO - f(x, s)} - 9 (l.- beit) -5/4 e-iKLz 
5ysy ( 1 _ deit) -914 e-iKLseit, 
which on integration with respect to T yields 
f(x,r) = igl,(pfo - f(x,s)} - +$ (1 - Geit)-5’4 eeiKLZ 
57-W&2 - 32s (1 _ &eit)-g’4 eeiKLzeit + xK1, 
K1 being an arbitrary constant of integration. 
Considering a2L,/2s < 1, one finds 
f(x, s) = i+.l@to - f(x, 8)) + 
5s;7 (1 _ aeit) -‘i4 e-iKheit + xK1. 
(23) 
(24) 
(25) 
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Denoting the real and imaginary parts of f(z, r) by fr and fi, the initial conditions are taken 
as % = -1.098 and g = 0.0 at r = s(z) when x = 0.0. Therefore, 
K1 = -1.098 - 
5a2a2 
+ 32 -Cl 
Now 
with 
. s’(0)cY2 
z2Lppfo + 
[ 
q (1 - tieit) 
- lieit) --g/4 $ 
1 
[s’(O) - s(O)iKL] 
df=&+K ax 1 
-s/4 
(26) 
M = -i!$Lp 
[ 
is’(x)~Lppfo _ q (1 _ &eit)-5’4 emiKLz 
5aw 
+ 32 
(1 - deit) -g’4 emiKLzeit {s’(x) - s(x)iKL} + K1 1 
- i~~,S’(X)iPfO - f(x, s)) +1 T ( 1 _ deit) s/4 
5a3y2 ,it (1 _ ,eit)-g/4 ; iKLs(x) + S’(X) e-isKL 
s2 (4 > 
F’rom equations (12), (18), and (27), 
&UO -p + ; 2 - a2iuo = --E (Mr2 + K1) 
(27) 
(28) 
The solution of this equation satisfying the boundary conditions uc = 0 at r = s(x) and 2 = 0 
at r = 0.0 is given by 
u” = Jo@)/P J”(‘r) [~M(z-+)-~K~]+$[~M($-~z)+‘~K~], (29) 
where p2 = -ia2. Equations (16) and (29) completely determine the velocity profile of the fluid 
in the vessel under consideration. 
The instantaneous mass flux is given by 
3. RESULTS AND DISCUSSION 
As an illustrative example, we consider the viscous flow of blood in small vessels. Analytical 
expressions derived for the axial and radial components of velocity are computed by taking 
the following set of values (for small arteries in the heart muscle) for the different parametric 
constants involved in the analysis. p = 4.2OcP, L, = 5.0 x lo-l1 m2 sec. kg-l, a = 4.0 x 10m5 m, 
p = 1.5 x 10e3Kg/m3, L = 2.0 x 10S3m, pfs = 46569.06N/m3, and K, = 0.005 so that 
E = 2.0 x 10-2. The numerical estimates presented here thus correspond to small vessels of the 
heart muscle. 
Figures la-d give the variation of the fluctuating axial velocity with radial distance for different 
values of the frequency parameter Q, when the wall geometry is given by s = 1 + x tan $J and 
d = 0.01. In order to examine the change in the nature of the radial variation of the axial 
velocity with time, we have also presented graphs for the said variation at different instants of 
time. It may be observed that at t = 0, the axial velocity is always positive for all the values of cx 
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Figure 1. Distribution of the fluctuating axial velocity at different instants of time 
for various values of a (s = 1 + ztan+; z = 0.2; K = 1; d = 0.01, 11, = 0.004, 
L, = 5 x lo-“). 
considered here. However, at t = 7r/3 the axial velocity is negative when a = 1 but positive for 
other values of Q. At t = 27~/3, 7r the axial velocity is negative for all the values of Q. It is further 
observed (cf. Figures 2a-d) that when 6 = 0.001, the variation of the axial velocity is similar to 
the previous case, but the magnitude of the velocity is less than that for the case when 6 = 0.01. 
Figures 3a and b give the distribution of the radial velocity for & = 0.01 and 0.001, respectively, 
at the different instants of time. It has been observed that the radial velocity distribution does 
not change appreciably with cr. This is so at all the instants of time studied here. It found also 
that the magnitude of the radial velocity decreases with 6. For a straight rigid tube, however, the 
results put forward by Chang et al. [lo] indicate that the radial velocity is always positive: They 
further observed that at t = K, the radial velocity has a vanishing value for all r. Thus, it may 
be concluded that the tapering geometry as well as the wall elasticity contributes significantly to 
the velocity distribution of blood in smaller vessels. 
The variations in the distribution of the axial velocity for different wave numbers K have, 
respectively, been shown in Figures 4a and b. It may be noted that while the axial velocity 
distributions are curvilinear, the radial velocity distributions are rectilinear nature. Also, as K 
increases axial velocity decreases, but the radial velocity increases. The dependence of the axial 
on K seems to be less than that of the radial velocity; while the distribution of the axial velocity 
for K = 1 is very much similar to the case when K = 0, the distribution of the radial velocity 
for K = 1 has a sharp change as compared to the case K = 0. 
Figure 5 gives the variation of the amplitude of the unsteady part of the axial velocity with the 
Womersley parameter cy at different radial stations. It may be observed that for a given value 
of Q, the said amplitude diminishes as r increases and that at all the radial stations, the same 
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Figure 2. Distribution of the fluctuating axial velocity at different instants of time 
for various values of a (s = 1 + z tan@; x = 0.2; K = 1; d = 0.001, 1c, = 0.004, 
L, = 5 x lo-“). 
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Figure 3. Radial velocity distribution when (a) & = 0.01, (b) d = 0.001 (s = 
l+xtan$; x = 0.2; K = 1; (r = 1.0; 11, = 0.004; L, = 5 x lo-“). 
amplitude decreases as (Y increases; for CY 2 6, however, the amplitude values almost coincide 
with one another. 
Radial velocity distribution for different values of the permeability parameter is shown in 
Figure 6. It is found that at any given radial distance, the radial velocity increases with the 
increase in the permeability parameter. The results presented in this figure are obtained for 
II, = 0.0, that is, for a uniform vessel, while those in the earlier figures have been calculated for 
$ = 0.004. A comparison of the results presented in Figure 6 with those of Figure 4b reveals 
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Figure 4. Velocity distribution for different wave numbers (s = 1 + z tan Q; x = 0.2; 
a = 1.0; Q = 0.004; L, = 5 x lo-“; 6 = 0.001, t = 0.0). 
Figure 5. Variation of the amplitude of unsteady axial velocity with Womersley 
parameter LY (s = l+r tan@; 2 = 0.2; K = 1; 6 = 0.001, * = 0.004, L, = 5x lo-‘l). 
Figure 6. Radial velocity distribution for different hydraulic permeation parame- 
ter L, (s = 1 + ztanq; z = 0.2; Q: = 1.0; 11, = 0.004; K = 1; & = 0.001, t = 0.0). 
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Figure 7. Velocity distribution for the wall geometry s = 1 - (1/2)e-“2 ; (a)-(c) give 
the velocity distribution and (d) gives the radial velocity distribution (I = 0.2, K = 1; 
II, = 0.004, Lp = 5 x 10-Q, d =O.ool). 
that under identical conditions, the magnitude of the radial velocity at any radial station in a 
tapered ve&sel is more than that in a uniform vessel. 
While the results presented in Figures l-6 have been calculated when the geometry is given by 
s=l+ztan$LJ, 
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the results depicted in Figures 7 and 8 correspond to a different geometry, viz. 
1 s = 1 - -p2 
2 
Figures 7a-c give the distribution of the axial velocity for different values of the Womersley 
parameter a and at various instants of time t, while the radial velocity distribution curves are 
presented in Figure 7d. A comparison of Figures 7a-c with Figures 2a-c reveals that the axial 
velocity distributions for the two above-mentioned geometries are significantly different both 
qualitatively and quantitatively even when the values of the other parameters viz. x, K, L,, a 
are taken to be the same. However, for large values of Q (e.g., (Y = lo), the axial velocity 
distributions for the two different geometries are somewhat similar. From Figures 7d and 3b, it 
appears that although the nature of the radial velocity distribution curves for these two different 
geometries are not much different, the magnitude of the radial velocity at any time instant for 
any specific value of Q: in the case of the second geometry is larger than that in the case of the 
first geometry. 
0 1 2 3 4 5 6 I 8 
d- 
Figure 8. Variation of the amplitude of unsteady axial velocity with Womersley 
parameter cy (s = 1 - (1/2)f~-“~; 2 = 0.2; K = 1; t = 0.0; d = 0.001; $J = 0.004, 
L, = 5 x 10-11). 
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Figure 9. Variation of mass-flux with Womersley parameter (Y (d = 0.001, @ = 0.004, 
L, =5 x lo-=, K = I,t= 3x/2). 
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The variation of the amplitude of the axial velocity with (Y for the geometry s = 1 - (1/2)e-“’ 
has been illustrated in Figure 8. A comparison of these results with those presented in Figure 5 
shows that the magnitude for the second model is less than that for the first model for all the 
radial stations. It may thus be concluded that the wall geometry has a pronounced effect on the 
velocity distribution of blood in small vessels. 
4. SUMMARY AND CONCLUSIONS 
Pulsatile flow of a viscous fluid in a small diameter vessel has been studied in the paper, by 
developing a mathematical model in which the vessel wall is considered to be elastic. First, 
an analytical solution for the velocity field of pulsatile flow in a porous elastic tube of variable 
cross-section has been derived. Extensive computational work for the particular case of viscous 
flow of blood has then been. carried out to explore a variety of informations which have potential 
applications in bioengineering. The solution has been applied to investigate the effects of the 
wall motion and the wall geometry on the axial and vertical velocity fields as well as on the mass- 
flux. From the computational results, it may be concluded that the magnitudes of velocity are 
significantly affected by the elasticity of the vessel wall. Moreover, fluctuations in the amplitude 
of the axial velocity in the first geometry (s = 1 + z tan+) are greater than those in the second 
(s = 1- (1/2)e”*). Th’ is may be attributed to be due to the fact that owing to the increase in the 
vessel cross-section, the flow resistance decreases. Also, since an increase in the radial velocity 
favours the transportation of the nutrition material, for the nurturing of an undernourished tissue 
region, implantation of a porous elastic vessel with first .geometry (s = 1 + z tan V/J) will be useful. 
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